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Abstract 
Experimental observations are reported on the finite deformation stress-strain response during loading-unloading of polyethylene
materials covering the range of crystal volume fractions 0.15-0.72. Hyperelastic-viscoplastic constitutive equations, based on a
two-phase interpretation of the microstructure, are derived. It is shown that the constitutive model adequately describes the 
experimental observations under loading-unloading conditions. 
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1. Introduction 
Polymeric materials exhibit a very complex nonlinear behaviour depending on external (such as temperature, 
strain rate, triaxiality, etc.) and structural factors (such as crystallinity index, crystal size and distribution in the 
structure, molecular weight, physical entanglement, cross-linking, etc.). Despite their wide range of industrial 
applications, a predictive model able to describe the different aspects of their mechanical response, in connection 
with their structure, must be still proposed. Through several decades, constitutive models were presented to capture 
the deformation behaviour of solid polymers [1–8]. Generally, whatever physically-based or phenomenologically-
based, the developed models reproduce in an acceptable way the stress-strain response of solid polymers under 
monotonic loading. By contrast, most models fail to describe the nonlinear response during unloading, and therefore 
they are unable to reproduce the cyclic deformation.  
The present contribution deals with the experimental investigation and physically-based constitutive modelling of 
the hyperelastic-viscoplastic response during loading-unloading of polyethylene (PE) materials over a wide range of 
crystallinities. The paper is organized as follows. Details on materials and methods are given in section 2. The 
constitutive model is presented in section 3. Section 4 is devoted to results and discussion. Some concluding 
remarks are formulated in section 5.  
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2. Materials and methods 
The PE materials under investigation consist of a Ziegler-Natta high density ethylene-hexene copolymer (HD) 
from Total Petrochemicals with a crystal volume fraction of 15.1%, a linear low density ethylene-octene copolymer 
(LL) with a crystal volume fraction of 30.0% and an ultra low density ethylene-octene copolymer (UL) from DOW 
Chemicals with a crystal volume fraction of 72.4%, both issued from the metallocene catalysis. The crystal volume 
fractions were determined by differential scanning calorimetry analysis.  
Atomic force microscopy images of the three PE materials are presented in Fig. 1. The crystal morphologies are 
different in the three materials. Isotropically distributed stacks of well defined crystalline lamella can be clearly seen 
in both HD and LL. These lamellae are yet longer and thicker in the former one. The morphology is not so well 
defined in the UL which displays fussy crystallites akin to fringed micelles. 
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Fig. 1. AFM images of PE materials. 
Polymer pellets were compression-molded into 1 mm thick sheets at 180°C for 10 min, before cooling at about 
40°C/min for mechanical investigations. 
The large tensile deformation behaviour up to true (logarithmic) strains of magnitude 1.6 was experimentally 
studied with the help of a universal testing machine Instron-5800 equipped with a non-contact optical extensometer 
able to maintain constant the local true axial strain rate (in the active zone of the sample) by regulating the cross-
head speed of the machine, even after necking [9]. The tensile force was measured by a standard load cell and then 
converted into true (Cauchy) axial stress using the actual sample cross-section recorded by the video setup. In the 
tests, the PE samples were stretched up to 1.6 at a true strain rate of 10-3 s-1 and unloaded down to a zero stress at the 
same absolute true strain rate.  
3. Hyperelastic-viscoplastic constitutive model 
The modelling of the large deformation behaviour of PE materials is based on the prior models of Boyce et al. [2] 
and Ahzi et al. [3]. The formulation of the constitutive model is shown schematically in Fig. 2. 
Fig. 2. Rheological representation of the hyperelastic-viscoplastic constitutive model. 
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According to the model structure, the resistance in the polymer to deformation is assumed to be the sum of an 
intermolecular resistance A  (a linear elastic spring in series with a nonlinear viscous damper) and a network 
resistance  (a nonlinear rubber spring in series with a nonlinear viscous damper). Also, due to the presence of 
amorphous and crystalline phases in the semicrystalline polymer, two different deformation mechanisms are 
supposed to take place. A composite framework is used to obtain the mechanical coupling between both 
deformation modes in the intermolecular resistance. 
B
3.1. Kinematics 
The kinematics of finite strain follows that presented in [2, 3, 7, 8] and only the essential key steps are 
summarized in this subsection. A key element of the kinematics is the deformation gradient ≡ ∂ ∂F x X  classically 
defined by the mapping of a material point from its position in the reference configuration to its position in the 
deformed configuration. 
Following the Lee decomposition, we can dissociate the deformation gradients andAF BF  into elastic and plastic 
parts in a multiplicative manner:  
e p
A A=F F FA and
e p
B B B=F F F (1) 
The velocity gradients  and AL BL  take the following forms: 
1 1e p e e e p p e
A A A A A A A A A
− −
= + = +L L L F F F F F F 
1− 1 1e p e e e p p eand
1
B B B B B B B B B
− −
= + = +L L L F F F F F F 
−
 (2) 
where the plastic parts  and pAL
p
BL  of the velocity gradients are given by: 
p p
A A= +L D W
p
A and
p p p
B B= +L D WB (3) 
p
AD  and 
p
BD  are the rates of plastic stretching and, 
p
AW  and 
p
BW  are the rates of plastic spin. 
The plastic flow is assumed incompressible, i.e. , and irrotational, i.e. . The 
plastic parts 
det det 1p pA B=F F = 0
p p
A B= =W W
p
AF  and 
p
BF  of the deformation gradients are then obtained by integrating the following equations:  
1 1p e p e p e p
A A A A A A A A
− −
= =F F D F F F D F and
1 1p e p e p e p
B B B B B B B B
− −
= =F F D F F F D F . (4) 
The elastic parts  and eAF
e
BF  of the deformation gradients are computed using Eq. (1). 
3.2. Constitutive relations 
Since the intermolecular resistance is in parallel with the network resistance the deformation gradient of each 
branch, andAF BF , is equal to the total deformation gradient F :
A= =F F FB (5) 
The total Cauchy stress T  in the polymer is given by the tensorial sum of the Cauchy stresses of the intermolecular 
resistance  and the network resistance AT BT :
A= +T T TB (6) 
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A
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A
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In what follows, the constitutive relations for each resistance are provided. 
3.2.1. Intermolecular resistance A 
The intermolecular resistance is composed of an amorphous phase resistance acting in parallel with a crystalline 
phase resistance. It is the reason why the intermolecular deformation gradient is the same for both phases: 
a c
A A= =F F F (7) 
The semicrystalline polymer is considered as a mixture between crystalline and amorphous phases. The Cauchy 
stress  of the intermolecular resistance is determined using the following modified rule of mixture: AT
( ) ( )1 aA cv A cvβχ χ= − +T T (8) 
in which cvχ  is the volume fraction of the crystalline phase and β  is a material constant introduced here to take 
into account the interaction phenomena between the two phases.  and  are the crystalline and amorphous 
Cauchy stresses, respectively, which are related to the corresponding elastic deformation gradients by the following 
constitutive law for linear elastic springs: 
c
AT
a
AT
(1 _ _lna a e a e aA A A AJ −=T C F ) )
e a
A
e c
A
and  (9) (1 _ _lnc c e c e cA A A AJ −=T C F
where  and  are the elastic volume changes of the amorphous and crystalline phases, 
respectively, and,  and  are the elastic stiffness tensors for both phases. Because it is assumed that the 
crystalline and amorphous phases are isotropic, the elastic stiffness tensor is completely defined from the Young’s 
modulus and the Poisson’s ratio. 
_detaAJ = F
AC
_detcAJ = F
_e c
AC
_e a
The plastic strain rate tensor of each phase is described by the following flow rule: 
1
_ _ _1 2p a p a aA A A
a
Aγ τ
−
′=D T and
1
_ _ _1 2p c p c cA A A
c
Aγ τ
−
′=D T  (10) 
The prime ( ) denotes the deviatoric quantity,  and  are the effective values of the Cauchy stresses of the 
amorphous and crystalline phases and,  and 
′ a
Aτ
p
A
c
Aτ
_p a
Aγ _ cγ  are the plastic shear strain rates for both phases which follow 
the Arrhenius type expression proposed by Boyce et al. [2]: 
( ) ( )_ 0, exp 1p a a a a aA A A AG s kγ γ τ θª º= − Δ −¬ ¼  and ( ) ( )_ 0, exp 1p c c c c cA A A AG s kγ γ τ θª º= −Δ −¬ ¼   (11) 
where  is the Boltzmann’s constant,  is the absolute temperature, k θ 0,a Aγ  and 0,c Aγ  are pre-exponential factors, 
 and  are activation energies and, aAGΔ
c
AGΔ
as  and cs  are athermal shear strengths expressed as [3]: 
( )_ ana p a a a aA y as s s s nγ κ=  and ( )_ cnc p c c c cA y cs s s s nγ κ=   (12) 
where ays  and 
c
ys  are initial shear strengths,  and  are intermolecular hardening coefficients and  is a scale 
factor introduced here to take into account the effect of the crystallites morphology (depending on the crystal 
content) on the plastic stretching in both amorphous and crystalline phases. The term  is assumed to evolve with 
the crystal volume fraction according to the following evolution equation: 
an cn κ
κ
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)2(1 exp cvκ κ χ κ= − (13) 
where  and  are material constants. 1κ 1κ
3.2.2. Network resistance B 
Although we deal with semicrystalline polymers, we assume that the strain hardening response is dominated by 
molecular orientation rather than crystallographic orientation. The network stress-strain behaviour is given by the 
Arruda and Boyce [10] eight-chain model of rubber elasticity: 
( ) ( ) ( )11 1 2 1 1 23 e e e eB B r B B BJ C N Nλ λ λ−− − − ª= «¬T $
2 º
− »¼
B I  (14) 
in which det eB BJ = F
rC n=
I
 is the network volume change,  is the number of rigid molecular units between 
entanglements,  is the initial hardening modulus,  is the average chain density,  is the inverse 
Langevin function,  is the unit matrix, 
N
ckθ cn 1−$
e
Bλ  represents the stretch on each chain in the network: 
( )( ) 1 2trace 3Te e eB B Bλ ª= «¬ F F º»¼ (15) 
The plastic strain rate is described by the following flow rule: 
11 2p pB B B Bγ τ −′=D  T (16) 
Again the prime ( ′ ) denotes the deviatoric quantity, Bτ  is the effective value of the Cauchy stress and 
p
Bγ  is the 
plastic shear strain rate given by [2]: 
( ) 11p pB BC Bγ λ −= − τ (17) 
where pBλ  is expressed as: 
( )( ) 1 2trace 3Tp p pB B Bλ ª= «¬ F F º»¼ (18) 
In Eq. (17), C  is a material parameter controlling the rate of relaxation [2]: 
( )(expC D Q Rθ= − ) (19) 
in which  and Q  are two molecular relaxation parameters and  is the universal gaz constant. D R
In this paper, we suppose that the viscosity at loading differs from that at unloading. The following expression for 
the term  is proposed: D
( )00 1 2
 during loading
exp otherwisecv
D D
D D δ δ χ
=
= −
(20) 
where  and  are material constants. 1δ 2δ
In order to incorporate the influence of crystallinity on the molecular orientation, we propose to express the initial 
hardening modulus  and the number of rigid molecular units as follows:rC N
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cv0
m i
r ii
C C χ −
=
=¦ and 0
m i
i cvi
N N χ −
=
=¦ (21) 
where  and  are material constants. A second-order formulation, i.e. =2, was found sufficiently 
representative of the investigated materials. 
iC iN 0 i m≤ ≤ m
4. Results and discussion 
Fig. 3 presents the finite deformation stress-strain response during loading-unloading of the three PE materials. In 
a first time, we only focus on the experimental data. This figure shows a strong nonlinear behaviour for the three PE 
materials. In addition, the behaviour is observed to be highly dependent on the crystal volume fraction. The figure 
clearly demonstrates that the UL behaves nearly like a hyperelastic material characterized by a relatively compliant 
response which stiffens with increasing strain. The HD and LL exhibit a stiff initial response, a yield-like event 
followed by a gradual increase of strain hardening at very large strains, which is typical of thermoplastic-like 
materials. The figure reveals also an important effect of the crystal volume fraction on the unloading response. In the 
case of the HD material, the unloading curve is perfectly linear. By contrast, the local stiffness during unloading of 
two other PE materials exhibits a strong nonlinear behaviour. Moreover, strain recovery upon unloading increases 
with decreasing crystallinity.  
The stress-strain response of different PE materials can be connected with the underlying structure and the 
physics of the deformation of two phases. The high crystallinity of the HD material gives obviously more 
importance to the stiff crystalline phase, probably by percolation effect that provides a rigid matrix effect. This holds 
true for the isotropic spherulitic morphology prior to deformation, as well as for the fibrillar morphology at large 
strains. This leads to the perfect linear response observed during unloading. At low crystal volume fractions, it is the 
behaviour of the rubbery amorphous phase which predominates. Therefore, the large strain deformation including 
the strain hardening response is dominated by the molecular orientation of the amorphous phase, and by its drastic 
recovery governed by the entropic back stress during unloading.  
Fig. 3. Comparison between model results and experimental data. 
The constitutive model is now compared to experimental data. The material constants were the outcome of a 
standard optimization procedure in order to extract the individual constitutive response of crystalline and amorphous 
phases using the experimental stress-strain curves. Keeping in mind that the PE materials are seen as two-phase 
composites, the properties of crystalline and amorphous phases can be isolated. With reference to the micro-
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mechanics concepts, we postulate that the properties of the two constitutive phases are the same whatever the crystal 
content. The material constants of the intermolecular resistance were identified as follows. In a first step the 
“overall” intermolecular material constants for the three PE materials were determined and then, by analyzing the 
identification results in terms of crystal volume fraction, the properties of crystalline and amorphous phases were 
deduced by extrapolation at cvχ =0 (for the amorphous phase) and cvχ =1 (for the crystalline phase). To achieve the 
identification exercise, the network material constants were fitted using the experimental data corresponding to the 
strain hardening due to molecular orientation. The values of identified parameters are listed in Tab. 1. 
Table 1. Material constants 
aE 4.5 (MPa) 2κ 7.6 
cE 4500 (MPa) Q R 24.5 (10
3 K) 
β 3.8 
0D 7.8 (10
28 MPa–1.s–1)
0, 0,
a c
A Aγ γ=  10
-6 (s–1)
1δ 3743
a
AGΔ 7.4 (10
–20 J) 
2δ 11.2 
c
AGΔ 1.1 (10
–20 J) 
0C 0.38 
a
ys 0.055 (MPa) 1C 0.07 
c
ys 5 (MPa) 2C –0.015 
an 1.4 0N 61.8 
cn 193 1N –36.6 
1κ 190.4 2N 7.8 
Fig. 3 shows good agreement between the experimental data and the model simulations with all crystallinities 
under consideration. It worth noticing that, using the same set material constants for each phase, the transition from 
thermoplastic-like to elastomeric-like behaviour, as the crystal volume fraction changes, is very well reproduced by 
the constitutive model. 
5. Conclusion
In this contribution, the crystallinity influence on the finite deformation stress-strain response during loading-
unloading of polyethylene was investigated. As a composite system, the mechanical response was observed to 
exhibit basically a nearly elastomer-like response at low levels of crystal volume fraction transitioning to a 
thermoplastic-like response at the highest level of crystal volume fraction.  
A physically-based hyperelastic-viscoplastic constitutive model was developed based on the prior models of 
Boyce et al. [2] and Ahzi et al. [3]. It was found that the proposed constitutive model is able to accurately reproduce 
the experimental observations over the studied range of crystallinities. Especially, the unloading path, which is 
generally discriminant for the models, is adequately reproduced. 
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